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Abstract
The (2+1)-dimensional [(2+1)d] Fokas system is a natural and simple extension of the nonlinear Schro¨dinger equation
(see eq. (2) in A. S. Fokas, Inverse Probl. 10 (1994) L19-L22). In this letter, we introduce its PT -symmetric version,
which is called the (2 + 1)d nonlocal Fokas system. The N-soliton solutions for this system are obtained by using
the Hirota bilinear method whereas the semi-rational solutions are generated by taking the long-wave limit of a part
of exponential functions in the general expression of the N-soliton solution. Three kinds of semi-rational solutions,
namely (1) a hybrid of rogue waves and periodic line waves, (2) a hybrid of lump and breather solutions, and (3) a
hybrid of lump, breather, and periodic line waves are put forward and their rather complicated dynamics is revealed.
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1. Introduction
The study of nonlinear evolution equations (NLEEs) has made fantastic progress, and it is frequently used to
model various nonlinear phenomena in physics, chemistry, biology, and even social sciences. The analytical solutions
of NLEEs are necessary for a better understanding of those nonlinear phenomena. Many researchers have made great
efforts to find analytical solutions of those equations and a series of powerful techniques have been proposed, such as
the Lie group analysis [1, 2], the inverse scattering transformation (IST) [3, 4], the Darboux transformation (DT) [5, 6],
the Hirota bilinear method [7, 8, 9], and other techniques [10, 11, 12, 13, 14, 15]. To date, most of the relevant studies
were focused on solitons, breathers, rogue waves (RWs), and lump solutions. However, during the past few years,
studies of the dynamics of semi-rational solutions of NLEEs have become an important research field [16, 17, 18, 19].
Generally speaking, comparing to (1 + 1)-dimensional [(1 + 1)d] systems, the methods to solve (2 + 1)-dimensional
[(2 + 1)d] systems are much more complicated. Therefore, the study of (2 + 1)d semi-rational solutions of NLEEs
would be much more challenging and meaningful.
Parity-time [PT ] symmetry of physical systems has been extensively studied both theoretically and experimen-
tally since the pioneering works of Bender et al. [20, 21, 22], who showed that a wide class of non-Hermitian
Hamiltonians having the PT symmetry can possess entirely real spectra as long as this symmetry is not sponta-
neously broken. The PT symmetry is maintained in optics by means of a special balance between gain and loss in
the corresponding regions of the optical system [23, 24]. The studies of PT systems have led to new developments
in diverse areas of theoretical and applied physics, including quantum field theories [25], Lie algebras [26], complex
crystals [27, 28, 29], and optics and photonics [30].
Inspired by the above results of PT -symmetric physical systems, we introduce a new PT -symmetric equation,
iU(x, y, t)t + U(x, y, t)xx + U(x, y, t)
∫ y
−∝
[U(x, y, t)U(−x,−y, t)∗]xdy′ = 0, (1)
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which is an extension of the (2 + 1)d Fokas system [31], and thus is called the (2 + 1)d nonlocal Fokas system. There
are some interesting results on the (2 + 1)d Fokas system [32, 33, 34, 35, 36], including solitons, lumps, and line-
rogue waves. Instead, we shall focus on the above newly established nonlocal system, and construct its N-soliton and
semi-rational solutions.
Using the transformations
Vy = [U(x, y, t)U∗(−x,−y, t)]x, (2)
eq. (1) becomes the following system of coupled partial differential equations:
iUt + Uxx + UV = 0,
Vy = [U(x, y, t)U∗(−x,−y, t)]x, (3)
where U and V are two real functions that satisfy the two-dimensional [(2d)] PT -symmetry condition V(x, y, t) =
V∗(−x,−y, t).
The organization of this paper is as follows. In sec. 2, N-soliton solutions are derived by employing the Hirota
bilinear method. In sec. 3, three kinds of semi-rational solutions are generated by taking the long wave limit of a part
of exponential functions in the general expression of the N-soliton solution obtained with Hirota method. The main
results of the paper are summarized in sec. 4.
2. N-soliton solution of the (2 + 1)d nonlocal Fokas system
The bilinear forms of eq. (1) have been given [36]
(D2x + iDt)g · f = 0,
(DxDy + 1) f · f = gg∗, (4)
through the dependent variable transformation:
U = g/ f , V = 2(log f )xx, (5)
where D is the Hirota’s bilinear differential operator, and f and g are functions of x, y, and t, subject to the condition:
f (x, y, t) = f ∗(−x,−y, t). (6)
Using (4) and (5), the N-soliton solutions U and V of the (2 + 1)d nonlocal Fokas system can be obtained by the
bilinear transform method [37], in which f and g are written in the following forms:
f =
∑
µ=0,1
exp(
(N)∑
j<k
µ jµkA jk +
N∑
j=1
µ jη j), g =
∑
µ=0,1
exp(
(N)∑
j<k
µ jµkA jk +
N∑
j=1
µ j(η j + iΦ j)). (7)
Here
Ω j = −
P j
√
−P2jQ2j + 2P jQ j
Q j
, η j = iP jx + iQ jy + Ω jt + η0j , sin(Φ j) =
√
−P2jQ2j + 2P jQ j,
cos(Φ j) = −P jQ j + 1, exp(A jk) = cos(Φ j − Φk) + (Q j − Qk)(Pk − P j) + 1− cos(Φ j + Φk) + (Q j + Qk)(Pk + P j) − 1 ,
(8)
where P j,Q j are arbitrary real parameters, η0j is a complex constant, and the subscript j denotes an integer. The
notation
∑
µ=0 indicates summation over all possible combinations of µ1 = 0, 1, µ2 = 0, 1, · · · , µn = 0, 1. The
(N)∑
j<k
summation is over all possible combinations of the N elements with the specific condition j < k. To illustrate the
above formula of the N-soliton solution, the profiles of the 1-soliton and 2-soliton solutions are plotted in Fig. 1
according to eqs. (5) and (7). They are periodic line waves, which are the basic bricks for the construction of the
semi-rational solutions.
2
(a) t = 0 (b) t = 0
Figure 1: 1-soliton and 2-soliton solutions |U | of eq. (1) in the (x, y)-plane at t = 0.
3. Semi-rational solutions of the (2 + 1)d nonlocal Fokas system
In this section, we focus on the semi-rational solutions of eq. (1). Following our earlier works [38, 39], the semi-
rational solutions can be derived by taking a long wave limit of a part of exponential functions in f and g given by (7).
We obtain three generic types of the so-called hybrid solutions involving (a) breathers, (b) lumps, (c) RWs, and (d)
periodic line waves. Thus the hybrid solution is a combination (i.e. a mixture) of two or more of the above mentioned
four distinct types of solutions of the nonlinear equation under consideration. Indeed, setting the parameters in (7)
Qk = λkPk, η0k = ipi, 0 < 2 j < N, 1 ≤ k ≤ 2 j, (9)
and taking the limit Pk → 0, then the functions f and g defined in (7) become a combination of polynomial and
exponential functions, and they generate semi-rational solutions U and V of eq. (1). Next, we study three kinds of
semi-rational solutions of the (2 + 1)d nonlocal Fokas system.
3.1. A hybrid of RWs and periodic line waves
We consider the first type of hybrid solutions consisting of first-order RWs and periodic line waves obtained from
the 3-soliton solutions. For simplicity, setting
N = 3 ,Q1 = λ1P1 ,Q2 = λ2P2 , η01 = η
0
2 = i pi , (10)
and P1 , P2 → 0, then the functions f and g can be rewritten as
f =[−(x + 3y + 12i
5
)2 − 2
3
t2 − 3
2
]eix+2iy−
pi
2 − (x + 3y)2 − 2
3
t2 − 3
2
,
g =[(x + 3y +
12i
5
)2 +
2
3
(t − 3i)2 + 3
2
]eix+2iy−
pi
2 − (x + 3y)2 − 2
3
(t − 3i)2 − 3
2
,
(11)
where λ1 = λ2 = 3, P3 = 1,Q3 = 2, η03 = − pi2 . The corresponding semi-rational solution |U | is shown in Fig. 2. It
is seen that this semi-rational solution describes a line rogue wave on a background of periodic line waves. When
t → ±∞, the line rogue wave approaches a background formed by the periodic line waves (see the panels at t = ±8).
In the intermediate time t = −2.5, the line rogue wave arises from the periodic background, then the strong interaction
around t = 0 between the line rogue wave and the periodic line waves results in the occurence of the higher peaks
along the line rogue wave, which can reach four times the constant background amplitude. Next, along the evolution
in time, all peaks on line rogue wave are merged gradually into the periodic line waves. Finally, there just exists a
periodic background formed by the periodic line waves when t → ∞. This provides a different dynamic property of
the solution of eq. (1) by comparing it with the corresponding solution on a constant background in the case of the
nonlocal DS I equation [38] (see Fig. (12) therein).
Higher-order semi-rational solutions composed of several RWs and periodic line waves can also be generated in
a similar way for larger N in (7). For example, a hybrid solution of two RWs and periodic line waves can be derived
from the 5-soliton solution. Setting
N = 5 ,Qk = λkPk , η0k = ipi ( k = 1, 2, 3, 4 ) (12)
3
(a) t=-8 (b) t=-2.5 (c) t=0 (d) t=1.5 (e) t=8
Figure 2: The time evolution in the (x, y)-plane of line RW on top of a background formed by periodic line waves with parameters given by eq.
(11).
and letting Pi → 0 in eq. (7), then the functions f and g become
f =(θ1θ2θ3θ4 + a12θ3θ4 + a13θ2θ4 + a14θ2θ3 + a23θ1θ4 + a24θ1θ3 + a34θ1θ2 + a12a34+
a13a24 + a14a23) + eη5 [θ1 θ2 θ3 θ4 + a45 θ1 θ2 θ3 + a35 θ1 θ2 θ4 + a25 θ1 θ3 θ4 + a15θ2 θ3 θ4+
(a35a45 + a34)θ1 θ2 + (a25a45 + a24) θ1 θ3 + (a25a35 + a23) θ1 θ4 + (a15a45 + a14) θ2 θ3
+ (a15a35 + a13) θ2 θ4 + (a15a25 + a12)θ3 θ4 + (a25a35 a45 + a23a45 + a25a34 + a24a35) θ1
+ (a15a35a45 + a14a35 + a13a45 + a15a34) θ2 + (a15a25a45 + a14a25 + a15a24 + a12a45) θ3
+ (a15a25a35 + a15a23 + a13a25 + a12a35) θ4 + a12a34 + a13 a24 + a14a23 + a12 a35 a45+
a13a25a45 + a14a25a35 + a15a24a35 + a15a25a34 + a15a23a45 + a15a25a35a45] ,
g =[(θ1 + b1)(θ2 + b2)(θ3 + b3)(θ4 + b4) + a12(θ3 + b3)(θ4 + b4) + a13(θ2 + b2)(θ4 + b4)+
a14(θ2 + b2)(θ3 + b3) + a23(θ1 + b1)(θ4 + b4) + a24(θ1 + b1)(θ3 + b3) + a34(θ1 + b1)(θ2
+ b2) + a12a34 + a13a24 + a14a23] + eη5+iφ5 [(θ1 + b1)(θ2 + b2)(θ3 + b3)(θ4 + b4)+
a45 (θ1 + b1)(θ2 + b2)(θ3 + b3) + a35 (θ1 + b1)(θ2 + b2)(θ4 + b4) + a25 (θ1 + b1)(θ3+
b3)(θ4 + b4) + a15(θ2 + b2)(θ3 + b3)(θ4 + b4) + (a35a45 + a34)(θ1 + b1)(θ2 + b2)+
(a25a45 + a24) (θ1 + b1)(θ3 + b3) + (a25a35 + a23)(θ2 + b2)(θ4 + b4) + (a15a45 + a14)
(θ2 + b2)(θ3 + b3) + (a15a35 + a13) (θ2 + b2)(θ4 + b4) + (a15a25 + a12)(θ3 + b3)(θ4 + b4)
+ (a25a35 a45 + a23a45 + a25a34 + a24a35) (θ1 + b1) + (a15a35a45 + a14a35 + a13a45 + a15a34)
(θ2 + b2) + (a15a25a45 + a14a25 + a15a24 + a12a45) (θ3 + b3) + (a15a25a35 + a15a23 + a13a25
+ a12a35)(θ4 + b4) + a12(a34 + a35 a45) + a13( a24 + a25a45) + a14(a23 + a25a35)+
a15(a24a35 + a25a34 + a23a45 + a25a35a45)].
(13)
Here
a jk =
2λ jPkQk
−γ j
√
2λ jPkQk(2 − PkQk) + Pkλ j + Qk
( j = 1, 2 , k = 3, 4 ),
θ j =
−i
√
2λ jγ jt + iλ2jy + ixλ j
λ j
, b j = i
√
2λ jγ j,
α12 =
2λ1λ2
λ1 + λ2 − 2
√
λ1λ2γ1γ2
, γ21 = 1, γ
2
2 = 1,
(14)
b j , η j ( 1 ≤ k < j ≤ 4) and η5 , φ5 are given by eqs. (14) and (8), respectively, and a j5 = 2λ jP5Q5
−γ j
√
2λ jP5Q5(2 − P5Q5)+P5λ j+Q5
.
Under the parameter constraints
λ1 = λ2 =
1
3
, λ3 = λ4 = 3, P5 = 1,Q5 = 2, η05 = −
pi
2
, (15)
4
a family of semi-rational solutions |U | are generated, describing the evolution of second-order line RWs on a back-
ground of periodic line waves. As can be seen in Fig. 3 the seven panels show that two line RWs appear at t < 0
from a periodic line wave background, gradually attaining a maximum amplitude at intersection area t = 0, and finally
return back to the background of periodic line waves without a trace. This behavior is different from the corresponding
dynamics of the semi-rational solutions of the nonlocal DS II equation, see [39].
(a) t=-10 (b) t=-2.5 (c) t=-0.5 (d) t=0
(e) t=0.2 (f) t=2 (g) t=10
Figure 3: The time evolution in the (x, y)-plane of the second-order line RWs on a background of periodic line waves of eq. (1) with parameters
given by eq. (15).
3.2. A hybrid of lump and breather
To construct the second type of semi-rational solution, we have to take the parameters
N = 4 ,Q1 = λ1P1 ,Q2 = λ2P2 , η01 = η
0
2 = i pi , η
0
3 = η
0
4, (16)
and take a limit as P1 , P2 → 0. Then the functions f and g can be rewritten as
f =eA34 (a13a23 + a13a24 + a13θ2 + a14a23 + a14a24 + a14θ2 + a23θ1 + a24θ1 + θ1θ2
+ a12)eη3+η4 + (a13a23 + a13θ2 + a23θ1 + θ1θ2 + a12)eη3 + (a14a24 + a14θ2 + a24θ1
+ θ1θ2 + a12)eη4 + θ1θ2 + a12 ,
g =eA34 [a13a23 + a13a24 + a13(θ2 + b2) + a14a23 + a14a24 + a14(θ2 + b2) + a23(θ1 + b1)
+ a24(θ1 + b1) + (θ1 + b1)(θ2 + b2) + a12]eη3+iφ3+η4+iφ4 + [a13a23 + a13(θ2 + b2)
+ a23(θ1 + b1) + (θ1 + b1)(θ2 + b2) + a12]eη3+iφ3 + [a14a24 + a14(θ2 + b2) + a24(θ1
+ b1) + (θ1 + b1)(θ2 + b2) + a12]eη4+iφ4 + (θ1 + b1)(θ2 + b2) + a12,
(17)
Here a jk, θ j, α12 and φl, ηl A34 are given by eqs.(14) and (8), respectively. Further, we take
λ1 = λ2 = 3, P3 = −P4 = 12 ,Q3 = −Q4 =
1
4
, η03 = η
0
4. (18)
The semi-rational hybrid solutions |U | as the combination of a first-order lump and of an Akhmediev breather,
obtained from eq. (17) are plotted in the (x, t)-plane, see Fig. 4. We see that the lump moves and passes through the
breather. This unique behavior can be obtained by changing the parameter η04. As can be seen, the breather keeps
periodic in the x direction and is localized in space. When |η04|>> 0, the lump and breather would separate completely.
The amplitude increases at the intersection point, and the period of the breather become smaller, see Fig. 4(c).
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(a) η04 = −8pi (b) η04 = −2.5pi (c) η04 = 0 (d) η04 = 1.5pi (e) η04 = 8pi
Figure 4: Semi-rational solutions |U | plotted in the (x, t)-plane, consisting of lump and Akhmediev breather solutions for eq. (1) with parameters
given by eq. (18)
3.3. A hybrid of lump, breather, and periodic line waves
We derive here a third type of semi-rational solution composed of a lump, a breather, and periodic line waves for
eq. (1), which could be generated from the 5-soliton solution. Setting
N = 5 ,Q1 = λ1P1 ,Q2 = λ2P2 , η01 = η
0
2 = i pi , P3 = −P4,Q3 = −Q4, (19)
and taking a limit as P1 , P2 → 0 in eq. (7), then the functions f and g are translated into a combination of polynomial
and exponential functions. The corresponding semi-rational solution is illustrated in Fig. 5; we see that a fundamental
lump and an Akhmediev breather coexist on a background of periodic line waves. Both the breather and the periodic
line waves are periodic in space, and the period of the Akhmediev breather is 12pi while that of periodic line waves is
pi.
(a) y=0 (b) y=0
Figure 5: Semi-rational solutions |U | plotted in the (x, t)-plane, which consist of lump, Akhmediev breather, and periodic line waves for eq. (1)
with parameters P3 = 16 ,Q3 =
1
3 , P5 = 1,Q5 = 2, η
0
3 = η
0
4 = −η05 = pi, λ1 = λ2 = 3 in eq. (19).
4. Conclusions
In this paper, the explicit forms of N-soliton solutions and semi-rational solutions of the (2 + 1)d nonlocal Fokas
system, which features the specific PT -symmetry, are derived analytically by employing the Hirota bilinear method.
The obtained 1-soliton and 2-soliton solutions are series of periodic line waves, see Fig. 1. Three kinds of the obtained
semi-rational solutions composed of RWs, lumps, breather, and periodic line waves exhibit a range of interesting and
rather complicated dynamics. The hybrid solutions of first-order RW and periodic line waves has been illustrated in
detail in Fig. 2, and the interaction between higher-order RWs and periodic line waves has also been shown, see Fig.
3. Furthermore, by using the 4-soliton solutions, the dynamics of the superposition between the lump solution and the
Akhmediev breather is illustrated in Fig. 4. Also, a new kind of semi-rational solutions consisting of lump solution,
Akhmediev breather, and periodic line waves is proposed, which describes the dynamics of a lump and an Akhmediev
6
breather interacting with periodic line waves, see Fig. 5. Our study of semi-rational solutions of the (2 + 1)d nonlocal
Fokas system may be helpful to promote a deeper understanding of nonlinear phenomena in other PT -symmetric
systems. Furthermore, the technique of obtaining different types of semi-ratioal solutions reported in this work might
be also used in other relevant nonlinear dynamical systems.
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